Investigation: Construct irrational numbers
Year 9 Maths · A5 question sheet
You can never write down all the digits of , but you can draw a line that is exactly  units long. In this investigation you’ll use Pythagoras’ theorem, , to build exact irrational lengths with a ruler, a set square and a compass. You’ll need a sharp pencil, a ruler marked in millimetres, a set square, a compass, a calculator and a blank A4 sheet.
Part A: Irrational numbers on a number line
The pictures in Part A are printed at true size: 1 unit = 3 cm. Measure them with your ruler.
1. The square below sits on the number line from 0 to 1.
· [image: figures/1.02-inv-sqrt2.png]
0. Use Pythagoras’ theorem to find the exact length of the red diagonal, in units.
0. Measure the diagonal in centimetres, to the nearest millimetre.
0. Put the point of your compass on 0 and open it to the top-right corner of the square. Draw an arc down to the number line. Label the point where the arc crosses the line .
0. Measure from 0 to your point in centimetres. Divide by 3 to change it to units. Compare your answer with  on a calculator.
1. The rectangle below is 2 units long and 1 unit high.
· [image: figures/1.02-inv-sqrt5.png]
0. Find the exact length of the red diagonal, in units.
0. Use your compass to swing the diagonal down to the number line, as in Question 1. Label the point.
0. Measure from 0 to your point, divide by 3 and compare with the calculator value.
1. Describe the square or rectangle you would draw on a number line to construct each number. Check each one with Pythagoras’ theorem.
0. 
0. 
0. 
Part B: The spiral of Theodorus
Theodorus of Cyrene, a Greek mathematician who lived about 2400 years ago, showed that ,  and other square roots up to  are irrational. This spiral of right-angled triangles is named after him. Here is what the start of the spiral looks like.
[image: figures/1.02-inv-spiral.png]
1. Draw your own spiral on the blank A4 sheet. Use 1 unit = 2 cm, and draw carefully, because you will measure it.
· Mark a point O near the middle of the page. Draw a line OA, 2 cm long, going to the right.
· Line up your set square with OA. At A, draw a line 2 cm long at right angles to OA, going up. Call its end B.
· Join O to B. OB is the first hypotenuse.
· At B, draw a line 2 cm long at right angles to OB, going anticlockwise (away from the first triangle). Call its end C. Join O to C.
· Keep going: each new triangle has a short side of 2 cm drawn at right angles to the last hypotenuse. Stop when you have drawn 16 triangles.
· Label each hypotenuse with its exact length in units: , , , and so on.
1. Copy and fill in the table. For the calculated length, the exact length is  units and 1 unit = 2 cm, so the length in centimetres is 2 × . Then measure each hypotenuse on your spiral.
	Hypotenuse
	Exact length (units)
	Calculated length (cm, 2 decimal places)

	OB
	
	

	OC
	
	

	3rd
	
	

	4th
	
	

	5th
	
	

	6th
	
	

	7th
	
	

	8th
	
	

	9th
	
	

	10th
	
	

	11th
	
	

	12th
	
	

	13th
	
	

	14th
	
	

	15th
	
	

	16th
	
	



1. Which of the hypotenuses in your table have rational lengths? Write their lengths in units. How can you tell from the exact length?
1. Compare your measured lengths with the calculated lengths.
0. Which hypotenuse had the biggest difference? How big was it?
0. Were the later triangles less accurate than the early ones? Explain why errors could build up as you go round the spiral.
1. Look at the angle at O in each triangle.
0. Measure the angle at O in the first three triangles with a protractor.
0. What happens to these angles as the spiral grows? Use this to explain why the triangles start to overlap the first one after about 16 triangles.
Part C: Another way to build 
1. On the back of this sheet, use your compass to draw an equilateral triangle with sides of 6 cm (2 units, with 1 unit = 3 cm). Use your set square to draw a line from the top corner that meets the bottom side at right angles. This is the height of the triangle.
0. The height cuts the bottom side in half. Use Pythagoras’ theorem to show that the height is exactly  units.
0. Measure the height in centimetres and divide by 3. Compare your answer with  on a calculator.
Part D: What does it all mean?
1. A ruler can only measure to the nearest millimetre, so every measurement is a terminating decimal. Can a measurement ever prove that a length is irrational? What do your constructions show instead?
1. The real numbers are all the points on the number line. Suppose a number line only had rational numbers on it. Use your constructions to explain why it would have gaps.
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